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x2 = 1
+1 −1 x2 = −1

x2 = −1

i i2 = −1
z = a+ ib a b

a z Re(z)
b z Im(z)

C

• (a+ ib) + (c+ id) = (a+ c) + i(b+ d)

• (a+ ib)(c+ id) = (ac− bd) + i(bc+ ad)

z1 z2

Re(z1 + z2) = Re(z1) + Re(z2) Im(z1 + z2) = Im(z1) + Im(z2) .

(O,!i,!j)
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imaginaires

réels

R R 2π sin cos
sin(x+ π/2) = cos(x)

ABC B A
θ ∈ [0, π/2] AB = AC × cos(θ) BC = AC × sin(θ)

z = a+ ib

z
√
a2 + b2 |z|

z z θ (z) = |z| cos(θ)
(z) = |z| sin(θ) arg(z) 2π

z
z

z = a− ib .
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θ

z=a+ib

z=a−ib

z

z z = |z|2 = |z|2 .

a + ib z1 z2
z1
z2

=
z1 z2
z2 z2

=
z1 z2
|z2|2

.

1 + 2i

1 + i
=

(1 + 2i)(1− i)

(1 + i)(1− i)
=

3 + i

2
=

3

2
+

i

2
.

z1 z2

z1 + z2 = z1 + z2

z1z2 = z1.z2

|z1z2| = |z1|.|z2|

z1 z2 z1 = a1 + ib1
z2 = a2 + ib2 a1 a2 b1 b2



z1 + z2 = a1 + ib1 + a2 + ib2 = (a1 + a2) + i(b1 + b2) .

z1+ z2 b1+ b2 a1+ a2

z1 + z2 = Re(z1 + z2)− i Im(z1 + z2)

= (a1 + a2)− i(b1 + b2)

= (a1 − ib1) + (a2 − ib2)

= z1 + z2

z1z2 = (a1 + ib1)(a2 + ib2) = a1a2 − b1b2 + i(a1b2 + a2b1)

z1z2 a1a2 − b1b2 a1b2 + a2b1

z1z2 = a1a2 − b1b2 − i(a1b2 + a2b1)

z1.z2 = (a1 − ib1)(a2 − ib2)

= a1a2 − ib1a2 − ia1b2 − b1b2
= a1a2 − b1b2 − i(a1b2 + a2b1)

z1z2 = z1z2

z1z2 = a1a2 − b1b2 + i(a1b2 + a2b1)

|z1z2|2 = (a1a2 − b1b2)
2 + (a1b2 + a2b1)
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2
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2
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2
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2
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2
2 + b22)

= a21a
2
2 + b21a

2
2 + a21b

2
2 + b21b

2
2



|z1z2|2 = (|z1|.|z2|)2 |z1z2| |z1|.|z2|
|z1z2| |z1|.|z2|
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R R∗

+ 1 0
x x′

exp(x+ x′) = exp(x)× exp(x′) .

z = a+ ib z
ez exp(z)

ez = ea
(

cos(b) + i sin(b)
)

,

ea a

a eib = cos(b) + i sin(b)
1 cos2(b)+ sin2(b) = 1

z = ρeiθ z = ρe−iθ, z −θ
ea+ib ea b

b+ 2kπ k ∈ Z
2π

2iπ b k

eib = ei(b+2kπ)

e2kπi = 1 , e(2k+1)πi = −1 , e(π/2+2kπ)i = i , e(−π/2+2kπ)i = −i .

z ρ = [z| θ
z z = ρ(cos θ + i sin θ)



z = ρeiθ

z = a + ib ρ z θ
z z z

z = ρeiθ .

z z

z = ρ(cos θ + i sin θ) .

i 1 π/2 eiπ/2 −i
1 + i

√
2 π/4

√
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√
2 3π/4

√
2ei 3π/4 −1− i

1 + i
√
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√
3√
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√
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−
√
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√
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√
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√
2ei 2π/3 −

√
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√
6

z z′

ez+z′ = ezez
′

.

z = a+ ib z′ = c + id

ez+z′ = e(a+c)+i(b+d) = ea+c
(

cos(b+ d) + i sin(b+ d)
)

.



ezez
′

=
(

ea
(

cos(b) + i sin(b)
)

)(

ec
(

cos(d) + i sin(d)
)

)

= ea+c
(

cos(b) + i sin(b)
)(

cos(d) + i sin(d)
)

,

eaec = ea+c

cos(b+ d) = cos(b) cos(d)− sin(b) sin(d) sin(b+ d) = sin(b) cos(d)+ cos(b) sin(d) .

(

cos(b) + i sin(b)
)(

cos(d) + i sin(d)
)

= cos(b+ d) + i sin(b+ d) .

einx = cos(nx) + i sin(nx)

x R n N

(cos(x) + i sin(x))n = cos(nx) + i sin(nx)

cos(nx) sin(nx) cos(x), sin(x)

cos(2x) + i sin(2x) = (cos(x) + i sin(x))2

= cos2(x) + 2i cos(x) sin(x) + i2 sin2(x)

= cos2(x)− sin2(x) + i2 cos(x) sin(x)

= (2 cos2(x)− 1) + i(2 cos(x) sin(x))

cos(2x) = 2 cos2(x)− 1 et sin(2x) = 2 cos(x) sin(x).

eiθ = cos(θ)+ i sin(θ)



θ

cos(θ) =
eiθ + e−iθ

2
, sin(θ) =

eiθ − e−iθ

2i
.

sin4(x) cos6(x) =
1
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(eix − e−ix)4(eix + e−ix)6

=
1
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=
1
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=
1
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(e10ix − 4e6ix + 6e2ix − 4e−2ix + e−6ix

+2e8ix − 8e4ix + 12− 8e−4ix + 2e−8ix

+e6ix − 4e2ix + 6e−2ix − 4e−6ix + e−10ix)

=
1

512

(

6 + 2 cos(2x)− 8 cos(4x)− 3 cos(6x) + 2 cos(8x) + cos(10x)
)

sin4(x) cos6(x)
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256
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sin(2x)

512
− sin(4x)
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− sin(6x)

1024
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sin(8x)

2048
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cos(kx) sin(x) cos(x)
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P C C C
d a0, a1, . . . , ad ∈ C

z
P (z) = a0 + a1z + a2z

2 + · · ·+ adz
d .

P (z) z
ad 0 d P

deg(P ) ad P
P

−∞
a0 + a1z + a2z2 + · · · + adzd z

a0, a1, . . . , ad
R Q Z
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√
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P C a C
P (a) = 0 P

x2 − 1 x Z
1 −1

x2−2 x Z Q
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x2 +1 x Z Q R

P Q P ⇒ Q
P Q

P ⇔ Q (P ⇒ Q) (Q ⇒ P )
P Q

A

A(z) = 0 z

z A(z) = 0

A(z) = 0 ⇔ (z = 1 z = 1 + i) ,

1 1 + i
A(z) = 0

A(z) = 0 ⇒ (z = 1 z = 1 + i) ,

z 1 1 + i
1 1+i



(z = 1 z = 1 + i) ⇒ A(z) = 0 ,

1 1 + i A(z) = 0

a, b, c a ,= 0
ax2 + bx+ c = 0

b2 − 4ac > 0

r1 =
−b+

√
b2 − 4ac

2a
r2 =

−b−
√
b2 − 4ac

2a
;

b2 − 4ac = 0

r =
−b

2a
;

b2 − 4ac < 0

r1 =
−b+ i

√
−b2 + 4ac

2a
r2 =

−b− i
√
−b2 + 4ac

2a
.

P n ! 1
P n 1 C



P n ! 1
a 0 n z1, . . . , zn

z ∈ C
P (z) = a(z − z1)(z − z2) . . . (z − zn) .

P (z) = 0 n

n
n

2
∆

δ δ2 = ∆ ∆ = 0
δ = 0 ∆ ,= 0 ∆ ∆ = ρeiθ

δ =
√
ρei

θ
2 δ ∆

∆√
∆ x

√
x

x
∆ ∆

∆ √

R+ R+

a, b, c a ,= 0 δ
δ2 = b2−4ac

az2 + bz + c

z1 =
−b+ δ

2a
z2 =

−b− δ

2a
.



az2 + bz + c = a(z − z1)(z − z2) .

∆ = b2 − 4ac

z

az2 + bz + c = a
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a

az2 + bz + c = 0 ⇔ (z − z1) = 0 (z − z2) = 0

⇔ z = z1 z = z2

az2 + bz + c

δ δ2 = ∆ ∆
∆ = ρeiθ δ =

√
ρei

θ
2

δ ∆

z = a+ ib
a b δ = x + iy δ2 = z



|δ|2 = |z|

δ2 = z ⇔











x2 + y2 =
√
a2 + b2

x2 − y2 = a

2xy = b

x2 =

√
a2 + b2 + a

2
,

y2 =

√
a2 + b2 − a

2
.

δ2 = z ⇔








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x2 =
√
a2+b2+a

2
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√
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⇔
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




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



|x| =
√√
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2
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√√
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2xy = b
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ε = −1
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√√
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2

x = −
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a2+b2+a
2 y = −ε

√√
a2+b2+a
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2xy = b

(x, y)



δ2 = z ⇔
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
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x =
√√

a2+b2+a
2 y = ε

√√
a2+b2+a
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x = −
√√

a2+b2+a
2 y = −ε

√√
a2+b2+a
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n
n R+

log exp ρ n
n ρ exp(ln(ρ)/n)

n

z0 = ρeiθ n
zn = z0 n

n
√
ρ eiθ/n, n

√
ρ ei(θ+2π)/n, n

√
ρ ei(θ+4π)/n, . . . , n

√
ρ ei(θ+2(n−1)π)/n

n

zn = z0
k ∈ {0, . . . , n− 1}

( n
√
ρ ei(θ+2kπ)/n)n = ( n

√
ρ)n(ei(θ+2kπ)/n)n = ρei(θ+2kπ) = ρeiθe2ikπ = ρeiθ = z0 .

(x, y)



z0 ,= 0 k j
{0, . . . , n− 1}

n
√
ρ ei(θ+2kπ)/n = n

√
ρ ei(θ+2jπ)/n ⇔ ei(θ+2kπ)/n = ei(θ+2jπ)/n

⇔ ei(2(k−j)π)/n = 1

⇔ (k − j)/n ∈ Z

⇔ k = j

k j {0, . . . , n − 1} n
P (z) = zn − z0 n

P

ei(2kπ/n) , pour k = 0, . . . , n− 1 ,

zn = 1 n
n 0

1

e
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(O,!i,!j) (x, y)
x + iy M zM

M zM

A B
−→
OA = Re(zA)!i+ Im(zA)!j

−→
AB = Re(zB − zA)!i+ Im(zB − zA)!j

!u = x!i+ y!j !u

z#u := x+ iy .

A B z−→
AB

= zB − zA
z#u+#v = z#u + z#v λ ∈ R zλ#u = λz#u

!u !v
O

‖!u‖ = |z#u| ,
!u !v (!u,!v)

Arg(zv)−Arg(zu) Arg( zvzu )

A B C zA zB
zC

A B zB − zA



(
−→
CA,

−−→
CB)

(zB − zC)/(zA − zC)

r
A A r

z ||z − zA| = r
zA + reiθ θ [0, 2π[

x A f ε

=⇒
P Q

P =⇒ Q
P =⇒ Q



x + iy x y
a b

1− 2i− (−4 + 7i)

1 + 2i +−4 + 6i

(1 + 2i) (−4 + 6i)

(2− 3i) (−3 + 2i)

(a+ ib)2

(a− ib)2

i50

(

1 + 2i

−4 + 6i

)

3 + 6i

3− 4i

5 + 2i

1− 2i

(5 + 2i)(1− i)

(1− 2i)− (i− 1)
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1− i
√
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1 + i

2− i

)2

+
3 + 6i

3− 4i

2 + 5i

1− i
+

2− 5i

1 + i
(

1 + i−
√
3(1− i)

1 + i

)2

z ∈ C

z(i− 3) = 2

3i + 1− iz = 4− i

(1− i)z + z̄ = 4− 3i

3iz + 2z = 6i

2z + i

1− 3iz
= 2 + 3i

2z + i

1− z̄
= 2 + i

1 + i

3 + 3i

1 + i
√
3

−1 + i
√
3

√
3 + i

−4

3
i

1 + i

1− i

(

1 + i

1− i

)3

(1 + i
√
3)4

(1 + i
√
3)5 + (1− i

√
3)5

1 + i
√
3√

3− i√
6− i

√
2

2− 2i

ee
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0

π

π/2 3π/2

1

z

z

z

z n z

−z z

z 0
π

z2 z

z/z z2

a = ρeiθ b = ρeiθ
′

a+ b = 2ρ cos

(

θ − θ′

2

)

ei
θ+θ′

2 .

θ



1 + i(1 +
√
2)

(1 +
√
2)− i

eiθ + e2iθ

1 + cos(θ) + i sin(θ)

a z

az + 3 = 2z + i az2 + bz = 0

−1

i

1 + i

−1− i

1 + i
√
3

3 + 4i

8− 6i

7 + 24i

3− 4i

24− 10i

(1 + i)/
√
2

cos(π/8) sin(π/8)√

(
√
3 + i)/2

cos(π/12) sin(π/12)

C

z2 + z + 1 = 0

z2 − z + 1 = 0

z2 + 2z + 4 = 0

z2 + 4z + 5 = 0

4z2 − 2z + 1 = 0

z2 + (1 + 2i)z + i− 1 = 0

z2 − (3 + 4i)z − 1 + 5i = 0

z2 − (1− i)z − i = 0

z2 − (11− 5i)z + 24− 27i = 0

P z
P z̄ P



z p, q
z2 + pz + q = 0

C

z3 = i

z3 =
−1 + i

4

z3 = 2− 2i

z4 = 1

z4 = (−1 + i
√
3)/2

(

2z + 1

z − 1

)4

= 1

cos(4x) = 8 cos(x)4 − 8 cos(x)2 + 1

sin(4x) = 8 cos(x)3 sin(x)− 4 cos(x) sin(x)

a cos(kx) b sin(kx) a, b ∈ R k ∈ N

cos(x)3

sin(x)3

cos(x)4

sin(x)4

cos(x)2 sin(x)2

cos(x) sin(x)3

cos(x)3 sin(x)

cos(x)3 sin(x)2

cos(x)2 sin(x)3

cos(x) sin(x)4

A B

zA = 3 + i zB = 1 + 2i

O

O A B

C −1− i D ABCD



A,B,C,D I, J,K, L,M,N
[A,B] [B,C] [C,D] [D,A] [A,C] [B,D]

[I,K] [J, L]
[M,N ]

I, J,K, L

j ei 2π/3 A,B,C
zA, zB, zC ABC

zA + j zB + j2 zC = 0 zA + j2 zB + j zC = 0

cos(2π5 )

P P (z) = z5 − 1
P

Q Q(z) = z4 + z3 + z2 + z + 1
Q(z)×(z−1) = P (z) Q
cos(2π5 ) + i sin(2π5 ) cos(2π5 )− i sin(2π5 ) cos(4π5 ) + i sin(4π5 ) cos(4π5 )− i sin(4π5 )

cos(2π5 ) + i sin(2π5 ) cos(2π5 ) − i sin(2π5 )
cos(4π5 ) + i sin(4π5 ) cos(4π5 )− i sin(4π5 )

Q(z) = z2(z2+z+1+z−1+z−2) z
Q (z + z−1) R R(y) = y2 + y − 1

R y1, y2
y1 > 0

cos(2π5 ) =
−1+

√
5

4 cos(4π5 ) =
−1−

√
5

4

1√
5

cos(2π5 )

(cos(2π5 ), sin(
2π
5 ))



A,B,C zA, zB, zC
ABC

ABC ABI,BCJ CAK
P,Q,R

I P zA zB

J,K,Q,R zA, zB zC

PQR

G m2 + n2 m n

G

G

|zz′|2 = |z|2|z′|2 z, z′ ∈ C G

p, q ∈ G pq ∈ G
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