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o Présentation des graphes aléatoires hyperboliques
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Présentation des graphes aléatoires hyperboliques

Définition

Définition (graphe aléatoire hyperbolique (RHG))

Soient o, v > 0 etn € N. Posant R = 2In (£), on dit que le graphe
Ga, v(n) = (V,E) (avec |V| = n) est un graphe aléatoire hyperbolique si :
- les sommets (vi)1<j<n de V sont indépendamment générés dans
B(O, R) avec densité

f: R+ X [07271'[ — R+
(r,0) — 201

asinh(ar)

cosh(aR) 1A

ou p(r)=

- l'ensemble des arétes E est entierement déterminé par la position des
sommets : deux sommets u,v € V sont adjacents si et seulement si
du(u,v) <R:

{u,v} e E < du(u,v) <R (1)

’ cosh dy(u,v) = coshr, coshr, — sinhr,sinhr, cosd,, (2)
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Présentation des graphes aléatoires hyperboliques

Définition

FIGURE - Densités f pour différentes valeurs de a (et v = 1)
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Présentation des graphes aléatoires hyperboliques

Définition

FIGURE - Génération de n points dans B(O, R)
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Présentation des graphes aléatoires hyperboliques

Définition

FIGURE - Courbure du plan (K = —a?)
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Présentation des graphes aléatoires hyperboliques

Définition

\-'i:‘

FIGURE - Projection sur le plan de courbure nulle
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Présentation des graphes aléatoires hyperboliques

Définition

FIGURE - Gauche : points initialement générés | Droite : point obtenus dans
l’espace hyperbolique
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Présentation des graphes aléatoires hyperboliques
Forme des boules
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FIGURE - By (u,10) avecr, = 2
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Présentation des graphes aléatoires hyperboliques
Forme des boules
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FIGURE - By (u,10) avecr, =5
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Présentation des graphes aléatoires hyperboliques
Forme des boules
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FIGURE - Bu(u, 10) avecr, = 9
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15 RHG, (alpha, nu, n) = (0.7, 1, 1000)
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Présentation des graphes aléatoires hyperboliques

Effet du paramétre o

RHG, (alpha, nu, n) = (0.5, 0.5, 500) RHG, (alpha, nu, n) = (0.7, 0.5, 500)

RHG, (alpha, nu. n) = (1.2, 0.5, 500)

(a) Go.5,0.5(500) (b) Go.7,0.5(500) (c) Gi.2,0.5(500)

FIGURE - Variation du parametre o
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Présentation des graphes aléatoires hyperboliques

Effet du parameétre v

RHG, (alpha, nu, n) = (0.7. 0.5, 500) RHG, (alpha, nu, n) = (0.7, 1, 500)

RHG, (alpha, nu, n) = (0.7, 5, 500)

(a) Go.7,0.5(500) (b) Go.7,1(500) (¢) Go.7,5(500)

FIGURE - Variation du parametre v
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Présentation des graphes aléatoires hyperboliques

Complex networks

Il s’agit de réseaux/graphes ayant un grand nombre de sommets et :

- étant en loi de puissance : il existe une constant C et un exposant
B > 0tels que pour une plage importantede k € [k_,k,],ona:

card({sommets de degré k}) ~ Ck="#

- ayant un fort coefficient de clustering,

- étant denses : le nombre d’arétes est proportionnel au nombre de
sommets,

- vérifiant le phénoméne de petit-monde.
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Présentation des graphes aléatoires hyperboliques

Complex networks

Il s’agit de réseaux/graphes ayant un grand nombre de sommets et :

- étant en loi de puissance : il existe une constant C et un exposant
B > 0tels que pour une plage importantede k € [k_,k,],ona:

card({sommets de degré k}) ~ Ck="#

- ayant un fort coefficient de clustering,

- étant denses : le nombre d’arétes est proportionnel au nombre de
sommets,

- vérifiant le phénoméne de petit-monde.

— nombreux graphes des réseaux sociaux, d’internet, de la
nature ...

Antoine BARRIER Graphes aléatoires hyperboliques 1/25



Présentation des graphes aléatoires hyperboliques

Le graphe d’Internet
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FIGURE - Le graphe hyperbolique d’Internet
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© Génération rapide, vérification de quelques propriétés
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Génération rapide, vérification de quelques propriétés

L'algorithme naif

Algorithm 1: greedy generator of G, ,(n)

Input :o,v,n
Output: V, E

1 R < 2log(n/v)
//V ordered list of vertices, E set of edges
2 V<]
3 E«{}
// Generation of V
4 foric [1,n]:
5 r < random radius with density p = pa.,.
6 0 «+ random angle uniformly chosen in [0, 27[
7 V.addPoint((r, 8))
// Generation of E
8 foric [1,n]:
9 forj c [i +1,n]:
10 if d(V[i], V[]) < R:
n | E.addEdge({i,j})

O(n?) — trop lent en pratique
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Génération rapide, vérification de quelques propriétés

Division en couches

FIGURE - Décomposition en requétes

A chaque point, on associe une requéte de type : (i, b, Omin, Omax)
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Génération rapide, vérification de quelques propriétés

Idées de l'algorithme rapide

étape1 on génére V comme précédemment. Chacun des sommets est rangé
dans sa bande, et une requéte qui lui est associée est envoyée a
chaque bande supérieure.

étape 2 dans chaque bande, on trie la liste des sommets par leur angle ainsi
que la liste des requétes recues par angle minimal.

étape 3 on génere ensuite la liste des arétes. Tous les sommets de la premiere
bande forment une clique, puis on procéde a un parcours des
sommets et des requétes de chaque bande afin de ne tester que les
arétes potentielles.
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Génération rapide, vérification de quelques propriétés

temps de génération

Generation time of G
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FIGURE - Temps de génération des graphes pour chaque algorithme (v = 1)
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© Le modéle push & pull
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Le modele push & pull
Le modeéle

On considere la propagation de rumeur suivante dans la composante
géantede G, ,(n):

- un sommet uniformément choisi recoit initialement 'information, a
t=0,
- puis a chaque pas de temps, les phénomenes suivant se produisent
simultanément :
push chaque sommet ayant déja recu 'information choisit
uniformément 'un de ses voisins et lui transmet l'information
s’il ne l'a pas déja,
chaque sommet qui n’a pas encore recu l'information choisit
uniformément l'un de ses voisins. Si celui-ci possede
information, il la récupére.

— On cherche le temps moyen nécessaire a la propagation de
information dans toute la composante géante.
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Le modele push & pull

Une simulation

15 (alpha, nu, n) = (0.9, 1, 1000) - t = 0, 1/532 informed

informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

e o o o
e o o o

=15 -10 -5 0 5 10 15

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

15 (alpha, nu, n) = (0.9, 1, 1000) - t = 1, 3/532 informed

informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

e o o o
e o o o

=15 -10 -5 0 5 10 15

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

15 (alpha, nu, n) = (0.9, 1, 1000) - t = 2, 6/532 informed

informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

e o o o
e o o o

=15 -10 -5 0 5 10 15

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 3, 11/532 informed

informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

e o o o
e o o o

=15 -10 -5 0 5 10 15

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 4, 34/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 5, 54/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 6, 80/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 7, 96/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 8, 114/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 9, 121/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 10, 141/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 11, 156/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 12, 173/532 informed

°
o

informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

=15 -10 -5 0 5 10 15

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

15 (alpha, nu, n) = (0.9, 1, 1000) - t = 13, 186/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 14, 206/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 15, 218/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 16, 230/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 17, 255/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 18, 274/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 19, 280/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 20, 286/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 21, 290/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 22, 299/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 23, 301/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 24, 303/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 25, 307/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 26, 316/532 informed

o o informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 27, 329/532 informed

o o informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 28, 347/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 29, 363/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 30, 385/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 31, 396/532 informed

o o informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 32, 407/532 informed

o o informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 33, 426/532 informed

o o informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 34, 444/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 35, 453/532 informed

o o informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 36, 466/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 37, 475/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 38, 482/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 39, 492/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 40, 501/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 41, 508/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 42, 513/532 informed

o o informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 43, 516/532 informed

o o informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 44, 519/532 informed

o o informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 45, 523/532 informed

o o informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 46, 527/532 informed

o o informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

(alpha, nu, n) = (0.9, 1, 1000) - t = 47, 532/532 informed

o o informer
received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull

Une simulation

15 (alpha, nu, n) = (0.9, 1, 1000) - t = 48, 528/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)

Antoine BARRIER Graphes aléatoires hyperboliques 20/25



Le modele push & pull

Une simulation

15 (alpha, nu, n) = (0.9, 1, 1000) - t = 49, 532/532 informed

o o informer

e o received by push
received by pull
received by both
transmit by push
transmit by pull
— transmit by both

FIGURE - une simulation dans Go_s, 1(1000)
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Le modele push & pull
Conjecture

Conjecture (Temps de propagation)

L'espérance du temps de propagation dans G, ,(n) est de ['ordre de e 2,

Travail réalisé pour obtenir cette conjecture et essayer de la démontrer :

{@lpha, nu, n, n_real) = (0.85, 2.00, 10000, 529), radius = [8, 10, 12, 14]

v nombreuses simulations de propaga-
tions,

v recherche de graphes auxiliaires quine
sont plus aléatoires mais possedentdes
propriétés de propagation similaires »

v considération poussée du cas "push"
sur certains graphes auxiliaires.
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Conclusion

Ce stage a été l'occasion :

de me confronter a un sujet de recherche d’actualité,
de mettre en pratique les connaissances apprises en cours,

d’apprendre d’autres maniéres de raisonner en probabilités (et plus
spécifiqguement en théorie des graphes),

de réaliser de nombreuses simulations.
Toutefois :

X il reste encore du travail pour démontrer le résultat souhaité,

X la partie théorique du sujet m’a parue compliquée, mes résultats sont
assez modestes.
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